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Kondo Tunneling into a Quantum Spin Hall Insulator
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(Dated: November 17, 2018)
The physics of a junction composed of a normal metal, quantum dot and 2D topological insulator
(in a quantum spin Hall state) is elucidated. It maifests a subtle combination of Kondo correlations
and quantum spin Hall edge states moving on the opposite sides of the 2D topological insulator.
In a narrow strip geometry these edge states interact and a gap opens in the edge state spectrum.
Consequently, Kondo screening is less effective and that affects electron transport through the junc-
tion. Specifically, when edge state coupling is strong enough, the tunneling differential conductance
develops a dip at zero temperature instead of the standard zero bias Kondo peak.
PACS numbers: 71.10.Pm,73.43.-f,72.15.Qm,73.23.-b
Background: Topological insulators (TI) and topolog-
ical superconductors (TS) have recently become a sub-
ject of intense theoretical and experimental studies.1–14
In most of these studies, properties of topological states
are analyzed using classification of the electronic phases
according to the pertinent topological invariants.1–8
Two-dimensional TI are systems in which time reversal
symmetry is respected but spin rotation invariance is vio-
lated. They differ from ordinary insulators as they posses
a non-trivial topological number Z2 implying a gapped
spectrum in the bulk and gapless spectrum of quantum
spin Hall (QSH) edge states15 (or helical modes). A
helical mode consists of a Kramers degenerate pair of
states propagating in opposite directions along the same
edge. Elucidating the QSH helical modes in experiments
is rather elusive since both edge states moving on op-
posite boundaries contribute to the conductance.16 This
obstacle can be alleviated if there are strong correlations
of edge states on the opposite edges, leading to the emer-
gence of massive Dirac fermions instead of the massless
ones that prevail in the absence of such correlations.
Motivation: In order to employ this feature, we note
that the physics of QSH state can be studied in tun-
neling experiments.17–23 In particular, we focus on tun-
neling through an interacting quantum dot tuned to the
Kondo regime. In the absence of correlations between
edge states, Kondo tunneling into a TI with gapless he-
lical edge state spectrum displays a finite zero bias dif-
ferential conductance at zero temperature23, as is the
case for tunneling into a metal. Once the coupling be-
tween the helical states on the opposite sides of the TI is
present, a gap opens in the edge states spectrum, which
naturally affects the tunneling conductance.16 Screening
of the magnetic impurity becomes less effective and the
conductance develops a dip at zero temperature.
The main objective: The main goal of the present
work is to substantiate the above qualitative analysis. It
is argued that interaction between QSH edge states on a
2D TI has a clear signature that turn it to be experimen-
tally detectable as it leads to unusual behavior of Kondo
tunneling at zero temperature.
Main results: We have theoretically analyzed tunnel-
ing through a device consisting of a tunnel junction com-
posed of normal metal (NM) interacting quantum dot
(QD) and 2D TI as shown in Fig. 1. The TI is modeled
as a stripe with topological states moving on its oppo-
site sides with a coupling between them. Interrelation
between the Kondo physics prevailing in the QD and the
QSH physics prevailing in the TI is then studied. Kondo
tunneling is analyzed in the weak (T ≫ TK) and strong
(T < TK) coupling regimes, where TK is a Kondo tem-
perature. It is shown that in both regimes, the conduc-
tance develops a dip when the temperature T decreases
and crosses an energy threshold ν specifying the coupling
strength between the QSH edge states. Since this setup
is experimentally feasible we argue that coupling between
QSH edge states residing on opposite edges of a 2D TI
has a definite experimental signature.
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FIG. 1: NM-QD-TI junction. Helical states exist on the edges
of the TI. The QD can be gated to adjust the level position
in the dot and/or the tunneling rates tL and tR.
Anderson Model for NM-QD-TI Junction: The
junction consists of the following ingredients (see Fig. 1):
the NM lead, held at bias voltage V ; the TI with coupling
between helical modes on its two opposite sides; the QD
in a tunnel contact with the NM and with the TI. The
Hamiltonian of the junction is then written as,
H = HL +HR +HD +HT . (1)
The first term on the right hand side of Eq. (1) is the
Hamiltonian of the NM lead,
HL =
∑
kσ
ǫkc
†
kσckσ. (2)
The second term, HR, is the low energy Hamiltonian of
the 2D TI,
HR = ~
∑
kσr
vσrk α
†
kσrαkσr + ν
∑
kσ
[
α†kσ1αkσ2 + h.c.
]
,(3)
2where ν is the coupling strength between the helical
fermions on the opposite sides (r = 1, 2) of the TI, and
vσr ≡ (−1)r−1σv, with v being the Fermi velocity.
The coupling ν represents the effective mass of Dirac
fermions. It is convenient to work in a basis for which
the TI Hamiltonian (3) is diagonal, obtained through the
canonical transformations,
αkσ1 = Ukγkσ+ − σVkγkσ−,
αkσ2 = σVkγkσ+ + Ukγkσ−,
(4)
where
Uk =
√
εk + ~vk
2εk
, Vk =
√
εk − ~vk
2εk
,
εk =
√
(~vk)2 + ν2.
The Hamiltonian (3) then takes the form,
HR =
∑
kσ,p=±
pσεkγ
†
kσpγkσp. (5)
The third term on the right hand side of Eq. (1), HD, is
the QD Hamiltonian,
HD = ǫ0
∑
σ
d†σdσ + Un↓n↑. (6)
Here d†σ, dσ are creation and annihilation operators for
the dot electrons; nσ = d
†
σdσ, and U > 0 is the strength
of the Coulomb repulsion. The last term on the right
hand side of Eq. (1), HT = HTL + HTR, is composed
of HTL, describing electron tunneling between the dot
and the normal metal lead, and HTR describing electron
tunneling between the dot and the TI.
Denoting by ψL(r) and ψR(r) the electron field op-
erators in the NM and the TI and assuming the dot is
positioned at r = 0, we have,
HTL = tL
∑
σ
[
ψ†Lσ(0)dσ + h.c.
]
,
HTR = tR
∑
σ
[
ψ†Rσ(0)dσ + h.c.
]
, (7)
where tL,R are the corresponding tunneling amplitudes
assumed to be spin independent.
The Spin Hamiltonian: The quantum dot is tuned by
gate voltage to have a single electron in its ground state.
The depth |ǫ0| of the dot level is assumed to be much
larger than the tunneling width,
Γ = ΓL + ΓR, ΓL = 2πt
2
LρL, ΓR = 2πt
2
RρR, (8)
where ρL is the electron density of states in the NM, while
ρR is the electron density of states belonging to the gap-
less part of the TI. Hence, charge fluctuations can be in-
tegrated out using the Schrieffer-Wolff transformation24.
It projects out zero and two electron states in the dot
and maps the Hamiltonian H , Eq. (1) onto an effective
spin Hamiltonian H˜ acting in a subspace of states where
there is one and only one electron on the dot. The effec-
tive Hamiltonian in this subspace reads,
HK =
∑
αα′σσ′
ψ†ασ(0) h
σσ′
αα′ ψα′σ′ (0), (9)
where α, α′ = L,R, and the matrix hσσαα′ is defined as,
hσσ
′
αα′ =
1
4
Kαα′δσσ′ +
1
2
Jαα′S · τσσ′ .
Here τ is the vector of the Pauli matrices and S is the
spin operator of the electron residing on the QD. The
coupling constants are
Jαα′ =
2tαtα′
|ǫ0| +
2tαtα′
U − |ǫ0| , Kαα
′ =
2tαtα′
|ǫ0| −
2tαtα′
U − |ǫ0| .
Scaling Equations Using the poor man’s scaling tech-
nique, we obtain scaling equations for the dimensionless
coupling constants jαα′ = Jαα′
√
ραρα′ ,
djLL
d lnD
= −(j2LL + j2LR), (10)
djRR
d lnD
= −(j2RR + j2LR), (11)
djLR
d lnD
= −jLR
(
jLL + jRR
)
, (12)
subject to the initial conditions,
jαα′(D¯) =
√
ΓαΓα′
π
(
1
|ǫ0| +
1
U − |ǫ0|
)
.
If ν is the smallest energy scale, the solutions of these
equations are,
jαα′(T ) =
√
ΓαΓα′
Γ
1
ln (T/TK)
, (13)
and the scaling invariant, (the Kondo temperature), is
TK = D¯ exp
{
− π|ǫ0|
Γ
}
. (14)
When ν is not the smallest energy scale, the scaling
behavior is more complicated. The flow diagram still has
a fixed point at infinity, but the Kondo temperature turns
out to be a sharp function of ν.25,26 For ν ≫ TK , the
scaling of jαα′(T ) depends on whether the temperature
is higher or lower than ν. For T ≫ ν ≫ TK , the gap in
the edge state spectrum can be neglected and the scaling
of jαα′ (T ) are given by Eq. (13) with the scaling invariant
TK , Eq. (14). For ν ≫ TK > T the scaling of jLR and
jRR terminates at D ≃ ν and for D < ν we have just one
scaling equation, leading to a fixed point at jLL → ∞
and a Kondo temperature that depends on ν. However,
we will see that the tunneling conductance diminishes in
the low temperature regime, T ≪ ν. Therefore in the
3following discussions we may speak of a single Kondo
temperasture, given by Eq. (14).
Calculations of the Tunneling Conductance in the
Weak Coupling Regime are carried out below using
the Keldysh technique in order to treat a system out of
equilibrium. The required quantities to be used elsewhere
below are the Keldysh Green’s functions (GF)
g¯α =
(
g¯Lα g¯
K
α
0 g¯Aα
)
, (15)
where the subscript α refers to the normal metal (L)
and TI (R) or the dot (f) electron GF while the super-
scripts refer to retarded (R), advanced (A) and Keldysh
(K) types of the GF. For α = L,R the explicit expres-
sions are,
g¯RL = −g¯AL = −iπρL, g¯KL (ǫ) = −2iπρL(1 − 2f(ǫ)),
g¯R,AR (ǫ) = −πρR χ(ǫ ± iη), (16)
g¯KR (ǫ) = −2iπρR Imχ(ǫ)
(
1− 2f(ǫ)),
where f(ǫ) is the Fermi function and
χ(z) =
iz√
z2 − ν2 . (17)
The current operator for tunnelling from the NM to
the TI is
I =
ie
~
∑
σσ′
{
ψ†Lσ(0) h
σσ′
LR ψRσ′ (0)− h.c.
}
, (18)
and the differential dc conductance is given by,
G =
∂I(V )
∂V
,
where the expectation value of the current is
I(V ) = 〈UK−1T (UK I(0))〉. (19)
In this expression, T is the time-ordering operator and
UK is the evolution operator under HK ,
UK = T exp
{
− i
~
∞∫
−∞
dtHK(t)
}
. (20)
To lowest (second) non-vanishing order of perturbation
theory in the dimensionless parameters jαα′ and kαα′ =
Kαα′
√
ραρα′ , the conductance is
G2 =
πe2
4~
{
k2LR + 3j
2
LR
}
W (T, V ), (21)
where W (T, V ) = w(T, V ) + w(T,−V ),
w(T, V ) =
1
4T
∞∫
ν
ǫ dǫ√
ǫ2 − ν2
1
cosh2
(
ǫ+eV
2T
) .
The third order correction to the conductance is
G3 =
3πe2
2~
j2LRW (T, V )
∑
α=L,R
jααLα(D¯),
(22)
where D¯ is a high energy cut off,
LL(D¯) = 1
2
{
ln
(
D¯√
(ν + eV )2 + T 2
)
+
+ ln
(
D¯√
(ν − eV )2 + T 2
)}
,
LR(D¯) = ln
(
D¯√
ν2 + T 2
)
.
The third order correction G3 contains a logarithmic
term which is, strictly speaking, not small. As a result,
G3 is not small compared with G2 and the expansion up
to terms cubic in jαα′ is insufficient. Instead, we derive
the conductance in the leading logarithmic approxima-
tion using the RG equations (10) – (12).
In the following analysis we split the second order con-
tribution to the conductance, Eq. (21), in two parts:
one part is due to the exchange cotunneling, which is
proportional to j2LR; and one part is due to regular co-
tunneling, which is proportional to k2LR. G3, Eq. (22),
increases when the temperature and voltage are lowered,
demonstrating the Kondo anomaly. The regular cotun-
neling contribution contains k2LR which does not grow at
low temperatures and bias, and therefore it does not con-
tribute to the Kondo effect. The exchange cotunneling
contains term j2LR which demonstrates logarithmic en-
hancement of the conductance at low temperatures [see
Eq. (13)] and contributes to the Kondo effect. Therefore,
we single out the exchange contribution in the second or-
der term,
Gexch2 (D) =
3πe2
4~
j2LR(D)W (T, V ). (23)
The resulting condition of invariance of the conductance
under the transformation, which corresponds to “poor
man’s scaling”, has the form,
∂
∂ lnD
{
Gexch2 (D) +
+
3πe2
2~
j2LRW (T, V )
∑
α=L,R
jααLα(D)
}
= 0. (24)
Within the accuracy of this equation, when differenti-
ating the second term, we should neglect any implicit
dependence on D through the couplings jαα′ . Eq. (24)
yields the scaling equation (12).
The renormalization procedure should proceed un-
til the bandwidth D is reduced to a quantity
d(T, V, ν) =Mx[T, eV, ν]. At this point, the third order
4correction to the conductance is much smaller than Gexch2
and the current and conductance can be calculated in
the Born approximation, as in Eq. (23). This situation
is similar to the problem considered in Ref.27, but the
coupling between the helical modes in the TI introduces
an additional energy scale ν which affects the Kondo
physics. When D reduces below ν, renormalization of
both jLR and jRR stops. Then, taking
d(T, V, ν) =
√
ν2 + (eV )2 + T 2,
we get an expression for the conductance for T, |eV |≥TK ,
G(T, V ) =
3π2G0
16
W (T, V )
ln2
(
d(T, V, ν)/TK
) , (25)
where
G0 =
e2
π~
4ΓLΓR
(ΓL + ΓR)2
.
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FIG. 2: Conductance as function of temperature in the weak
coupling regime. The curves a, b, c and d correspond to
ν = 0, 5TK , 10TK and 15TK , respectively. The case ν =
0 corresponds to the standard Kondo effect in NM-QD-NM
junction.27
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FIG. 3: The nonlinear conductance (25) as a function of ap-
plied bias for T = 5TK . The curves a, b, c and d correspond
to ν = 0, 5TK , 10TK and 15TK , respectively
.
The total differential conductance is displayed in Fig.
2 for V = 0. It is seen that when the gap in the spectrum
of the TI exceeds TK (see curves b, c and d), the conduc-
tance increases when the temperature is lowered, reaches
its peak at finite temperature and begins to decrease with
further lowering the temperature. This occurs because
electron needs an extra energy in order to covercome the
gap ν between the Fermi level of the left lead and the bot-
tom of the conduction band of the TI. This energy can be
transferred from the internal energy of the electron liq-
uid in the lead and/or from the voltage difference across
the barrier. When the temperature is lower than the
gap, the zero bias conductance decreases with temprera-
ture. For comparison, it is noticed that the conductance
for the gapless spectrum of the TI (curve a) increases
when the temperature is lowed which corresponds to the
standard feature of Kondo tunneling through the NM-
QD-NM junction.27
The coupling between the helical states manifests it-
self also in the nonlinear tunneling conductance. Fig. 3
displays the nonlinear conductance as a function of the
applied voltage for T = 5TK and for several values of
ν. The zero bias peak in the conductance correspond-
ing to the standard Kondo tunneling decreases with the
coupling energy ν (curves a and b) and splits into two dis-
tinct peaks when ν exceeds the temperature T (curves c
and d). This is one of the central results of the present
paper since it combines the Kondo and the QSH physics.
Conductance Calculations in the Strong Coupling
Regime: When T < TK , the mean field slave boson ap-
proximation (MFSBA) is used to calculate the zero bias
tunneling conductance. In the limit U →∞, the dot can
be empty or singly occupied. The dot operators are writ-
ten as dσ = b
†fσ and d
†
σ = f
†
σb where the slave fermion
operators fσ and the slave boson operator b satisfy con-
straint condition,
Q =
∑
σ
f †σfσ + b
†b = 1.
This condition is encoded by including a Lagrange mul-
tiplier λ in the total action S. In the mean field approx-
imation, we replace the Bose operators b and b† by their
expectation values,
b→ b0, b† → b0, b0 =
√
〈b†b〉.
At the mean field level the constraint condition is satis-
fied only on the average.
The partition function Z(α) is calculated by integrat-
ing the action over slave fermion field. Here the source
field α is coupled to the current operator,
I =
ietL
~
∑
σ
[
ψ†Lσ(0)b
†fσ − h.c.
]
. (26)
The effective action in the MFSBA is Gaussian and de-
pends on two real numbers, the boson field b0 and the
chemical potential (Lagrange multiplier) λ. Integrating
the action leads to the partition function,
lnZ(α) = −tr ln
{
G−1f −
eαqt
2
Lb
2
0
~
[
g¯L, τx
]}
, (27)
5where
G−1f = g
−1
f − t2Lb20g¯L − t2Rb20g¯R. (28)
Here gf is the GF of the (non-interacting) electron in the
QD with shifted energy level, ǫ0 → ǫ¯0 = ǫ0 + λ,
g
R/A
f (ǫ) =
1
ǫ− ǫ¯0 ± iη , g
K
f (ǫ) = −
2iη(1− 2f(ǫ))
(ǫ− ǫ¯0)2 + η2 ,
a
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FIG. 4: The zero bias conductance as a function of temper-
ature in the strong coupling limit (T < TK). The curves a,
b, c, d and e correspond to ν = 0, 0.2TK , 0.4TK , 0.6TK and
0.8TK , respectively. Here we take ΓL = ΓR.
The MFSBA is reliable in equilibrium, V = 0. There-
fore we will consider below the temperature dependence
of the zero bias conductance. In equilibrium, the mean
field solutions for b0 and λ minimize the free energy,
F = −T
∑
ωn
tr lnG−1f (iωn) + λb
2
0,
where the last term is the slave boson kinetic part of
the free energy due to the constraint, G−1f (iωn) is the
Matsubara’s GF. The mean field equations are
b20 =
2
π
arctan
(
2(ǫ0 + λ)
b20Γ
)
, λ =
Γ
π
ln
(
πD¯
b20Γ
)
. (29)
These equations are solved for b0 and λ with the solu-
tions,
b20 =
πTK
Γ
, ǫ0 + λ =
π3
(
TK
)2
2Γ
, (30)
where TK is the Kondo temperature given by Eq. (14).
Then the linear conductance for T < TK is
G =
πTKG0
4T
∫
dǫ Sf (ǫ)
cosh2
( ǫ
2T
) (ΓL + ΓR)Imχ(ǫ)
ΓL + ΓR Imχ(ǫ)
, (31)
where
Sf (ǫ) = TKγ(ǫ)
(ǫ − ǫ¯0)2 +
(
TK
)2
γ2(ǫ)
,
γ(ǫ) =
π
2
ΓL + ΓR Imχ(ǫ)
ΓL + ΓR
,
G0 is given by Eq. (26), χ(ǫ) is given by Eq. (17).
The zero bias conductance as a function of temperature
is shown in Fig. 4 for ν = 0, 0.2TK, 0.4TK , 0.6TK and
0.8TK. The temperature dependence of the conductance
is similar to the one shown in Fig. 2 for T > TK . In both
cases, when T > ν, a peak in the conductance occurs
(see curves b, c, d and e). This peak decreases with ν
and shifts towards high temperatures. For T < ν, the
conductance decreases with decreasing in T and vanishes
when T → 0. This is a manifestation of the coupling
between the QSH states on the opposite sides of the TI.
For ν = 0, the conductance has a usual peak at T = 0.
Summary: The linear and non-linear conductance in a
system consisting of a quantum dot (tuned to the Kondo
regime) connected to a metal lead on the left side and
to a topological insulator on the right side is evaluated
using Keldysh technique. Renormalization group analy-
sis is performed in the weak coupling regime (T ≫ TK)
while the MFSBA is used at at the strong coupling regime
T < TK . When the coupling energy ν between QSH he-
lical states exceeds the temperature, the differential con-
ductance develops a dip at low temperature, in contrast
with the standard zero bias anomaly Kondo peak prevail-
ing in QD connected to metallic leads. Our analysis then
shows that the Kondo resonance is very sensitive to edge
state coupling and can be used to probe the features of
QSH helical modes.
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